Numerical model for the simulation of characteristics of Penning discharge is presented in the paper. The model is based on the 2D/3V axisymmetric electrostatic particle-incell algorithm implemented on unstructured triangular meshes. In order to simulate kinetic processes in the gas discharge plasma Monte-Carlo collision (MCC) method was incorporated into the model. Considered processes for the numerical experiments are elastic scattering of electrons on the neutral particles and ionization of neutral particles by electrons. Using this model various characteristics of Penning discharge such as anode and cathode currents, distribution of charged components in the discharge chamber have been calculated at various applied voltages and magnetic flux densities. The results of numerical experiments have been analyzed and discussed.
Introduction
Behavior of the plasma created in rarified gas in the presence of external magnetic field is not well understood. A known physical system that can be used for studying such processes is Penning discharge. The schematic view of Penning discharge chamber is shown in figure 1. It consists of cylindrical anode and two round cathodes placed coaxially at both ends of anode. The characteristic size of the chamber is 1 cm. An external magnetic field is applied to the system parallel to the axis of symmetry. The typical parameters of the Penning discharge are as follows: gas pressure of the order of 1 mTorr, voltage drop between electrodes is 110 kV, strength of the magnetic field ~ 0.1 T. At mentioned parameters combined effect of quadrupole electric field and axial magnetic field enlarges lifetime of the electrons in the discharge chamber and therefore raises the number of ionization events produced by single electron.
Penning gas discharge has been studied both experimentally and numerically [18] . In [1, 2] experimental measurements of the Penning discharge characteristics (mainly currents) have been made at various parameters (magnetic field, geometry, etc.) of the system. Usage of annular anode allowed visualizing the structure of gas discharge plasma. In [3, 4] the design of the Penning discharge chamber suitable for usage as ion source was proposed and studied experimentally. The corresponding volt-ampere characteristics of the Penning discharge were obtained for helium and molecular hydrogen at various pressure. Also measurements of extracted current versus anode voltage at different pressures were performed. In [5] numerical simulation of dissociation and ionization kinetics in the Penning discharge in hydrogen has been carried out based on the local thermodynamic equilibrium approach. Temporal behavior of neutral and charged atomic and molecular gas components has been obtained as well as kinetic parameters of discharge plasma (mobility of charged components, diffusion coefficients). The study has allowed determining the set of elementary processes that should correctly describe the composition of gas discharge plasma. The series of studies [68] is dedicated to numerical simulation of spatial structure of Penning discharge plasma using different formulations of drift-diffusion model. Development of the models of continuum mechanics for the description of the Penning discharge is important since they are much less computationally demanding than kinetic models. However the most detailed description of the plasma ignited in the rarified gas can be obtained using kinetic models. An example of these models is particle-in-cell model combined with Monte-Carlo collision method (PIC-MCC). In the study numerical simulation of two-dimensional spatial structure of Penning discharge plasma is performed using PIC-MCC approach. Dependence of the anode, cathode and extracted current on the applied magnetic field and voltage is calculated as well as energy distribution function of the charged particle in the gas discharge plasma. Results of numerical experiments are analyzed and discussed.
Description of the PIC-MCC method
Particle-in-cell method introduces a concept of macroparticle [9, 10] . Macroparticle is a computational particle that simulates behaviour of a large number of real plasma particles (electrons or ions). Macroparticles follow the trajectory of real particles in the plasma since the Lorentz force depends only on the charge-to-mass ratio [11] . The movement of macroparticles changes the distribution of electromagnetic field in the system. It means that the whole simulation process is self-consistent. It can be shown that actually PIC method is a mean for solution of Vlasov-Maxvell system of equations [12] .
For the numerical solution of the Penning gas discharge problem 2D/3V axisymmetric electrostatic PICMCC model was used. In order to briefly characterize numerical methods and approaches that have been used in the computer implementation of the PIC-MCC method mentioned above let us consider a computational cycle shown in figure 2.
The first stage of a computational cycle is the solution of the Poisson equation. It is formulated for the axisymmetric geometry:
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In equation (1)  is the electrostatic potential, ( , ) rz  is the charge density and 0  is the electric constant. For the boundary value problem the boundary conditions can be formulated in the following form: For the numerical solution of equation (1) the computational domain is subdivided into triangles. Usage of unstructured grids for the numerical simulation of gas discharges is necessary since discharge chamber may be of complex shape. Descritization of equation (1) is carried out using cellcentered finite volume method [13] . Geometrical multigrid method is used for the numerical solution of the system of linear algebraic equations resulted from the descritization process. Implementation of the multigrid procedure on the unstructured grid is performed using overset meshes approach [14] .
Development of the particle-in-cell method on the unstructured grids requires special procedures of interpolation of the electric field to the particles position for the Lorentz force calculation and localization of macroparticles relative to the mesh elements (particle search algorithm) [12, 15] . These procedures constitute the second stage of the computational cycle. Both of these procedures can be easily implemented using local basis functions For the interpolation procedure the following property of the local basis function is important. If the values of interpolated function f are known in the k -th triangle nodes ( , ) kk mm zr, then for every point with coordinates ( , ) jj zr that lies inside triangle: 3 1 ( , ) ( , ) ( , ) k k k j j n j j n n n f z r N z r f z r
For the macroparticle search algorithm the following property is used [15] . In the third stage of the computational cycle one has to solve equations of particles motion which for the nonrelativistic case in the cylindrical coordinate system can be written in the following form [16] :
In (4) are the projections of the vector of the magnetic field, m is the macroparticle mass, q is the macroparticle charge. It is evident that system of equations (4) has singularity when particle with nonzero angular momentum approaches to the axis of symmetry [16] . If one is going to solve numerically this system it has to deal with the problem. Boris [11, 16] has proposed the numerical procedure which successfully overcomes mentioned above difficulty using Cartesian-cylindrical coordinate systems transformation.
Another problem is concerned with the Boris numerical method itself. Boris method is of the class of leap-frog methods, which means that velocities of the particles and their coordinates are not known in the same moments of time, however initial conditions are formulated in the same moment of time. In order to initialize calculation procedure correctly one has to obtain appropriate velocity of the particle. This problem was formulated and solved in [16] .
On the next stage of computational cycle processes at the boundaries have to be considered. For example, plasma particles hitting the metal electrodes generate electric current. Dielectric boundaries are able to accumulate charge of plasma particles and impact on the distribution of the potential inside the discharge chamber [17] . Ions and electrons of plasma can hit surfaces of discharge chamber and generate fluxes of charge particles directed back to the gas discharge plasma due to the processes of secondary electron emission, ion-electron emission [18] .
Accounting for the secondary emission processes at the boundaries can be implemented according to method described in [17] . Number of particles injected from the boundary into the computational area due to boundary-macroparticle collision is determined using the random number R uniformly distributed on the interval [0,1] . If R < ( int( ))   then number of particles to be injected into the computational area is
. A model of the corresponding process has to be applied for the initialization of the new particle. It is possible to account for elementary processes in the PIC algorithm using the Monte-Carlo collision approach based on the null collision method [19] [20] [21] . Monte-Carlo collision method consists of the following steps [21] . Calculation of the kinetic energy of the particle i of sort s : 
is the cross section of the j -th type of collision between the species s and the target species. The collision probability is calculated using the following formula:
In (7) i V and i x are the velocity and position of the i -th particle correspondingly,
nx is the local density of the target species at the position of the i -th particle. A collision occur if a random number uniformly distributed on the interval [0,1] is less then i P . If the collision occurs then one has to determine the collision type using another random number. After that new particles have to be initialized based on the model [19] [20] [21] [22] of the process corresponding to the given collision type.
Disadvantage of the approach presented above is due to the necessity of calculation of i P for each particle in the simulation. In order to overcome this difficulty the null collision method was proposed. Detailed description of the method is given in [21] . The idea of the method is to introduce the constant collision frequency  in the following manner:
Physically it means that additional collisional process is introduced with collision frequency of the special form. This collisional process is called null collision since no real interaction occurs. Then one can determine maximum fraction of the total number of particles of sort s which experience collision:
The colliding particles are chosen randomly among all the particles of the given sort s participating in the simulation (eliminating duplicates), and each particle is checked for the type of the collision.
The last stage of computational cycle is the calculation of the charge density of plasma particles. These fields are used for the construction of source term for the Poisson equation. In case of unstructured grid and cylindrical coordinate system one can utilize the formalism of local basis function [12, 15] in order to perform the calculations. The corresponding formula can be written as follows [12] :
( , ) 1 2 k j n j j n kj nj Q N z r q Vr    (10) In (10) summation is performed over all particles j that are in triangle k that contains the node n . j z and j r are the axial and radial coordinates of macroparticle, j Q is the charge of macroparticle, in the two-dimensional case n V is calculated according to the following formula:
In (11) k S is the area of the triangle k that contains node n .
Statement of the Penning gas discharge problem
In this section initial data for Penning gas discharge simulation are going to be presented. Geometry of the computational domain that represents the gas discharge chamber as well as In the study Penning gas discharge in molecular hydrogen H 2 at pressure p =1.2 mTorr and temperature T =300 K is going to be considered. Elementary processes accounted for in the study are elastic electron scattering on H 2 molecules and ionization of H 2 molecules by electrons. The data on the cross-section for these processes were taken from [23] . Also ion-electron emission from the cathode has been taken into account. The data on the dependence of the electron yield per ion versus energy was taken from [24] .
In the PICMCC model two species of macroparticles have been considered: electrons and H 2 + ions. Primary electrons and ions were placed in the center of the computational domain. Initial density of the charged particles were 5·10 8 cm -3 . Initial velocities of the particles were sampled from Maxwell distribution with temperature 300 K.
In the following section results of numerical experiments carried out at different magnetic field strengths and anode voltages according to the PIC-MCC model described above are going to be presented and analyzed.
Numerical results of Penning gas discharge simulation
Structure of the Penning gas discharge has been investigated for the anode voltage 0 V =2000 V at the following magnitudes of the axial projection of the magnetic field (others projections are assumed to be equal zero): B z =0.05; 0.075; 0.1; 0.15 T. Numerical simulation has showed that gas discharge could not be ignited at B z =0.05 T. However gas discharge is stable at slightly increased magnetic field B z =0.075 T and above this value.
Distributions of the electron and ion number densities at B z =0.075; 0.1; 0.15 T are shown in figures 510. It can be easily seen that the structure of the Penning gas discharge strongly depend on the magnitude of the magnetic field. Increasing magnetic field leads to the increase of the maximum of electron number density in the gas discharge chamber. However maximum H 2 + ion number density grows when magnetic field increases from 0.075 to 0.1 T and then becomes smaller when magnetic field further increases to 0.15 T. However total number of ions (as can be estimated using the number of macroparticles that represent H 2 + ions) grows with increasing magnetic field. Figures 510 also show that the volume of the discharge chamber filled with gas discharge plasma increases with the increasing magnetic field. In the figures 11, 13 and 15 the radial distributions of the number densities of electrons and ions in the cross section with axial coordinate z = 0.55 cm are shown for B z = 0.075; 0.1; 0.15 T correspondingly. It can be noticed absence of the pronounced maximum in the electrons number density distribution in the vicinity of the axis of symmetry at B z = 0.075 T. In figures 13 and 15 one can observe that in the regions close to the axis of symmetry in the considered cross section number densities of the electrons and ions are very close to each other (plasma is closer to electroneutrality than in other regions of the discharge chamber). Also it can be noticed that the increasing magnetic field leads to shift of the maximum in the distribution of plasma particle number densities from the axis of symmetry to the anode as can be seen in figures 13 and 15. Figure 15 shows the presence of the second maximum in the distribution of ions number density.
In the figures 12, 14 and 16 the radial distributions of absolute value of axial projection of ion current density through the cathode, anticathode and orifice are shown for B z = 0.075; 0.1; 0.15 T correspondingly. The orifice is located in the range of radial coordinates 0≤r≤0.4 cm. For all considered cases one can conclude that the radial distribution of ions leaving the Penning gas discharge chamber through orifice has the form of the relatively narrow beam. Also one can observe shift of the maximum of ion current density distribution from the axis of symmetry to the boundary of the orifice.
In the figures 17 and 18 energy distributions of macroparticles that represent electrons and ions at different values of B z are shown. One can see that at greater values of B z fraction of high energy electrons grows. On the other hand increasing magnetic field leads to the reduction of fraction of high energy ions. It is worth notecing that results presented in this paragraph should be considered preliminary and requiring conducting of additional numerical experiments and analysis.
In the figures 19 and 20 dependence of anode, cathode and extracted through orifice currents on the value of axial projection of magnetic field and on the anode voltage correspondingly are shown. It can be seen that variation of the magnetic field influences on the gas discharge currents stronger than the variation of anode voltage. Increase of magnetic field at 1.5 times (from 0.1 T to 0.15 T) leads to 2 time increase of anode current (from 2.7 mA to 5.45 mA). However increase of anode voltage at 1.7 times (from 1500 to 2500) leads to only 1.3 times increase of anode current (from 2.03 mA to 2.7 mA). Analysis of the gas discharge parameters such as electrons and ions number densities distributions, spatial distribution of the potential, axial and radial projections of electric field at different anode voltages (to be specific, at 1500, 2000, 2500 V) at fixed value of magnetic field B z =0.1 T has shown that there is no qualitative influence of anode voltage on the structure of plasma of Penning gas discharge. In general particle-in-cell method used in the study may be considered for the calculation of the parameters of the gas discharges relevant for the ignition of burning mixtures [25, 26] and high-speed flow control [27] [28] [29] .
Conclusion
In the study numerical model for the simulation Penning gas discharge is described. The model is based on the electrostatic axisymmetric 2D/3V particle-in-cell (PIC) approach implemented on the unstructured triangular grid combined with Monte-Carlo collision (MCC) method for the accounting of the plasma elementary processes.
Using this model numerical experiments were conducted aimed at the investigation of the dependence of structure of plasma of Penning gas discharge on the magnetic field and anode voltage. Results of numerical experiments have shown that the variation of magnetic field has significant impact on the Penning gas discharge electrodynamic structure. It means that real properties of the magnetic system (permanent magnets, coils) responsible for creation of magnetic field in the system should be taken into account for accurate simulation of Penning gas discharge characteristics. Variation of anode voltage does not lead to the qualitative change in the distribution of the parameters of the considered gas discharge. 
